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Abstract. The purpose of this paper is to discuss the no- 
tion of the quasihyperbolic volume and to find growth esti- 
mates for the quasihyperbolic volume of balls in a domain 
G C K n , in terms of the radius. It turns out that in the 
case of domains with Ahlfors regular boundaries, the rate 
of growth depends not merely on the radius but also on the 
metric structure of the boundary. 
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1. Introduction 

Since its introduction three decades ago, the quasihyperbolic 
metric has become a popular tool in many subfields of geometric 
function theory. For instance, in the study of quasiconformal 
maps of W 1 and of Banach spaces [ValJ, analysis of metric spaces 
|H] and hyperbolic type metric |HIMPS| . A natural question is 
whether and to what extent, the results of hyperbolic geometry 
have counterparts for the quasihyperbolic geometry. For instance 
in [K] it was noticed that some facts from hyperbolic trigonometry 
of the plane have counterparts in the quasihyperbolic setup while 
some have not. 

The purpose of this paper is to discuss the notion of the quasi- 
hyperbolic volume and to find growth estimates for the quasihy- 
perbolic volume of balls in a domain G C K" , in terms of the 
radius. It turns out that the rate of growth depends not merely 
on the radius but also on the metric structure of the boundary. 
Below we give an explicit growth estimate for the case of domains 
with Ahlfors regular boundary. 

For a compact set E C W 1 , and < s < t , we consider the 
layer sets E(s, t) = {z : s < d(z, E) < t} and relate its volume to 
the metric size of E via its (Hausdorff) dimension under the ad- 
ditional assumption that the boundary of E be Ahlfors Q-regular 
for some < Q < n. It is practically equivalent to formulate 
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this idea in terms of the number of those Whitney cubes of the 
Whitney decomposition of R n \ E that meet E(s,t) . This idea 
goes back to |MV) — in Lemmas 13.11 and 13.31 we will refine some 
results of [MVJ. One of the key ideas of |MV| was to estimate 
from above the metric size of E in terms of the size of the layer 
sets. 

In the last section, we estimate from below the growth of the 
quasihyperbolic volume of balls in the case when G = W 1 \ E 
is ?/>-uniform and E is Ahlfors regular. The main result of the 
paper is Theorem 14.191 which gives a lower bound for the volume 
growth. 



2. Notation 

The quasihyperbolic distance between two points x and y in a 
proper subdomain G of the Euclidean space R n , n > 2, is defined 
by 

\dz\ 

~djz) 

where d(z) = d(z, dG) is the (Euclidean) distance between the 
point z G G and the boundary of G (denoted dG), and T xy is the 
collection of all rectifiable curves in G joining x and y. Some basic 
properties of the quasihyperbolic metric can be found in [VI] . 

In particular, G.J. Martin and B.G. Osgood |MO[ page 38] 
showed that for x, y G R n \ {0} and n > 2 



ka(x, y) = inf / 



(2.1) fc R n\ {o} (x,y) = 1 /0 a + bg 2 y 



where 6 = Z(x,0,y) G [0,7r]. 

For the volume of the unit ball in R ra we use the notation Q n = 
m(.B(0, 1)) = 7r n / 2 /r((n/2) + 1) where m is the n-dimensional 
Lebesgue measure and T stands for the usual T-function, see 
|AS1 Ch 6]. The surface area of the unit sphere is w n _i = 
m n . 1 (S n ~ 1 (0,l)) = nQ n . 

The quasihyperbolic volume of a Lebesgue measurable set A C 
G is defined by 

We also use volfc(A) for volk G (A) if the domain G is clear from 
the context. 

We assume n > 2 and use the notation B n (x,r) = {z 6 R" : 
\x — z\ < r} for the Euclidean ball, and its boundary is the 
sphere S n ~ l (x, r) = dB n (x, r), where the center x can be omitted 
if x = 0. 
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Below we use the Whitney decomposition of the complement 
of a closed set in MJ 1 . If E C W 1 is non-empty and closed, then 
W 1 \ E can be presented [HI p. 16] as a union of closed dyadic 
cubes Q k 

(2.2) R n \ E = |J |J Q k , 

fcez j=i 

where the cubes Q k have the following properties: 

(i) each Q k has sides parallel to the coordinate axes and 
edges of length 2~ fc , 

(ii) the interiors of the cubes Q k and Q k are mutually dis- 
joint provided i ^ j, 

(iii) the distance between the cube Q k and E satisfies the 
following inequalities 

(2.3) 2~ k ^ < d(Q k , E) < 2 2 - k ^l. 

The decomposition ( 12. 2 p is called the Whitney decomposition, the 
cubes Q k are called the Whitney cubes and the set {Q k : j = 
1, . . . , iVfc} is called the k th generation of the cubes. 
For < s < t < oo and E C W 1 , we define 

E(s) = {x e W n : d(E,x) < s} 

and 

(2.4) E(s, t) = {x E R n : s < d{E, x) < t}. 
Because diam(Q- i ) = ^/n2^ k we have by (12. 3p 

(2.5) Q) C E(y/n2- k ,5y/n2- k ). 

We say that E C M™ is (a, r )-uniformly porous |Va2] if for all 
x G E and < r < r there is y G B(x,r) with d(y,E) > ar. 
A set is uniformly porous, if it is (a, r )-uniformly porous for 
some a, ro > 0. We refer to a,ro and n as the uniform porosity 
data. 

A set E C M n is Q-regular for < Q < n, if there is a (Borel 
regular, outer-) measure /i with spt(/i) = _E and constants < 
a < (5 < oo such that 

ar Q < fi(B(x, r)) < (3r Q , for all x G i? and < r < diam(E') . 

Here spt(/i) denotes the smallest closed set with full /i-measure. 
We refer to Q, a, (3 and diam(E) as the Q-regularity data. 

There is a close connection between the notions of uniform 
porosity and Q-regularity. Indeed, it is well known and easy to 
see (e.g. |BHRl Lemma 3.12]) that if E is Q-regular for some 
< Q < n, then it is uniformly porous. Conversely, if E is 
uniformly porous, then it is a subset of some Q-regular set for 
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some < Q < n. See [JJKRRS, Theorem 5.3] for a more precise 
quantitative statement. 

3. Number of Whitney cubes 

Recall that Nk denotes the number of the k th generation Whit- 
ney cubes of M. n \ E. 

Lemma 3.1. If E C M n is compact and uniformly porous, then 
there are constants < c < C < oo and ko G N (depending only 
on the uniform porosity data) such that for k > ko, it holds 

c2 kn m{E{2- k )) < N k < C2 kn m(E{2- k )) , 

where Nk = Nk+ no + - ■ ■ J rN}.+m> n o is the smallest integer satisfy- 
ing 8^/n2^ no < 1 andni is the largest integer with 80 y/n2~ ni > 1. 

Proof. Let < A < 1 < A < oo. Choose < a < (1 + A)/(2A) 
and r > such that E is (2a, r )-uniformly porous. Given r > 
such that R = ^-(l + A)r < ro, let B\, . . . ,Bn be a maximal 
collection of disjoint balls of radius R centered at E. Then by 
elementary geometry 

(3.2) n n NR n < m(E(R)) < VL n TNR n . 

For each Bi, we can find yi G \B{ with d(yi, E) > aR — |(1 + 
A)r. Moreover (since we live in the Euclidean space), we can in 
fact find such yi with d(yi, E) = |(l+A)r. Then B(yi, A)r) C 
E(r) \ E(Xr) and thus, combined with (13. 2p . 

m(E(r) \ E(\r)) > NQ a r" > 3»ii„iVfl» 

recall that R > Ar. 

Applying the above estimate with r = 2~ k ~ 3 , A = \ and A = 8 
and using ( 12. 5 \ implies 

m(E(2- k )) < cm(E(2- k - 3 ) \ E(2- k -*)) 

ni 

< c N k+j 2- {k+j)n < cm(E(2- k )) 

j=n 

where c < +oo depends only on n and a. This completes the 
proof. □ 

We also need the following simple fact 

Lemma 3.3. If E C R n is compact and Q -regular for some < 
Q < n, then there are constants < c < C < oo (depending only 
on the Q-regularity data) such that cr n ~® < m(E(r)) < Cr n ~® 
for < r < diam(E'). 
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Proof. Let Bx, ... , Bjy be a maximal collection of balls of radius 
r centered at E. Then, as in (13. 2p . 

N N 

(J^c£(r)c(j3^, 

1=1 1=1 

and in particular, 

(3.4) NVL n r n < m(E(r)) < NVL n Tr n . 
Using the Q-regularity, we have 

(3.5) Nar Q < K B i) < K E ) < ^ 3Bi "> - N ^ Q r Q . 

i i 

The claim follows by combining ( 13. 4 j) and (13. 5p . □ 

Putting the two previous Lemmas together, we obtain: 

Corollary 3.6. If E C W 1 is compact and Q-regular for some 
< Q < n, then there are constants < c < C < oo and ko G N 
(depending only on the Q '-regularity data) such that for all k > ko, 
it holds 

c2 kQ < N k < C2 kQ . 

Remark 3.7. The porosity and regularity assumptions in the 
above results are essential because without them, we cannot guar- 
antee that m(E(2r) \ E(r)) is comparable to m(E(r)) for small 
r > 0. 



4. Growth of the quasihyperbolic volume 

As mentioned in the Introduction, our goal is to find estimates 
for the asymptotic behaviour of volk(Bk(x, r)) as r — > oo for x G 
G when the domain G is fixed. As an example, we first consider 
very regular domains for which the correct asymptotics can be 
obtained by direct calculation. 

4.1. Unit ball. Let us find the quasihyperbolic volume of Bk(r) 
in the unit ball G = B n . We need the following integral repre- 
sentation for the hypergeometric function: for c > b > 0, 

F(a, b; c; x) = — 1 / ^(1 - ^^(l - xt)~ a dt 
5(6, c- 6) Jo 
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where B(b,c — b) = T(b)T(c — b)/T(c). By definition 

vo\ k (B n (r)) = [ dm(x) = f r _£^_ dt 



= u n . ir n [ t n -\l-rt)- n dt 
Jo 

uj n -\r n . . 

= 1 In, n; n + 1; r ) 

n 

(4-2) = ^~fC-i F (M;n + l;r), 

where the last equality follows from |AS| 15.3.3] 

F(a, b; c; x) = (1 - x) c ~ a ~ 6 F(c - a, c - 6; c; x). 
Hence for < r < oo 

voU(5 fc (r)) = ^ [ ta t/ r /^-i F ^ ^ n + ^ tanh(r/2)) 
n (1 — tanh(r/z)) 

n — 1 

since by [Ml 15.1.20] 

r(n+l)r(n-l) n 



F(l,l;n+l;l) 



r(ra) 2 n — 1 

Corollary 4.3. For s > 0, A > I, G = B n and E = dG 

vol fc (ff(s,As)) _^ l _ Al _ n 
vol k (E(s, oo)) 

as s — )■ 0. 

Proof. Let < s < 1/A. Then the claim is equivalent to 

^1-A 1 



vol k (B n (l-s)\B>\l-\s) ^ u _ n 



as s — )• 0. 
By (S3) 



vol fe (B»(l - s)) 



vol fc ( J B n (l - s) \£ n (l - As) 



1 



vol fc (S»(l - s)) 
A 1_n (l - As) n F(l, 1; n + 1; 1 - As) 



(l-s)"F(l,l,n + l,l-s) 
-> 1-A 1 -" (s->0). 



□ 
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Remark 4.4. For G = B n , let m h (B n (r)) be the hyperbolic 
volume of the Euclidean ball B n (r). Then we have 

vo\ k (B n (r)) = w n _i / — —dt 

l + rj ky K " Vo (l + r)"(l-*)« 



and 



m A (B"(r)) < / -__ t ft=2*vol Jfe (B"(r)). 
./o I 1 — £J 

It is easy to see that mh(B n (r)) = u n _i2 n r n F(n/2, n; l+n/2; r 2 )/n. 
Corollary 14.31 is true for the hyperbolic metric with the same lim- 
iting value 1 — A n_1 . 

4.5. Punctured space. We will consider the growth of quasihy- 
perbolic volume in multiply connected domains. It can be shown 
that in M 2 \ {0} the quasihyperbolic area of B k {x,r) is equal to 
7cr 2 , if r < 7r, and 2ny/r 2 — 7r 2 + 27r 2 arctan(7r/\/r 2 — 7r 2 ), if r > 7r. 
Therefore 



27rvr 2 — 7T 2 < voU(-Bfc(x, r)) < 47rr 

if r > 7r. We will now find similar lower and upper bounds for 
the quasihyperbolic volume of B k (x,r) in W 1 \ {0} for n > 2. 

Proposition 4.6. For x E W 1 \ {0}, n > 2 and r > n 



2w n _iv / r 2 - 7r 2 < vol k (B k (x,r)) < 2u n ^r . 

Proof. Since B k (x,r) is invariant in the inversion in S'"~ 1 (|x|) we 

have vo\ k (B k {x,r)) = 2vo\ k (B k (x,r) n B n (\x\)). By [VU (3.9)] 

B k (x,r) Cl"\ S"(|x|e- r ). Let 5 = S^j^e-^ 2 ^ 2 ) then by 

(12TTjl max/fcnv {0 }(a;,y) = r implies 5 n (|a;|) \ B n (\x\ e - Vr2 ^ n2 ) c 
yes 

B k (x,r). Hence we have 



(4.7) vol^dxDV^dxIe-^")) < vol k (B k (x,r)nB n (\x\)) 
and 

(4.8) volfc(S fc (x, r) n £? n (|x|)) < vol fc (S n (|a;|) \ B n (\x\e- r )). 

Next let us find the quasihyperbolic volume of annulus E(a, b) = 

{x E M. n | a < \x\ < b}, < a < b < oo. By definition 

(4.9) 

, u f dm ( x ) f h t n ^ , , b 

vol k (E(a,b)) = / — — =w n _i / — -dt = w n _ilog-. 

JE(a,b) Fl Ja 1 a 

Now the assertion follows from the equations (14. 7p and ( 14. 8p . □ 
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Corollary 4.10. For s > 0, A > 1, G = B n \ {0} and E = dG 

vo\ k (E(s,\sj) _^ 1 _ Al _ n 
vol k (E(s, oo)) 

as s — > 0. 

Proof. Let s < 1/A. Then E(s, As) = E x UE 2 where E x = B n (l - 
s)\B n (l-Xs) and E 2 = B n (Xs)\B n (s). Then by (0~2D and (0~9]) 

vol fcG (E(s,As)) = volfc^^O + vol^^C^) 
w n _i(l - 



ns 



n-1 



F(l,l;n + l,l-s) 



^ 1 ' ' ~ 1; n + 1, 1 - \s) + u; n _! log A 



n(As) n - 
l-A 1 - n )s 1 - n (s^O). 



n — 1 



Similarly £(s, oo) = B n (l - s) \ 5 n (s) = E[U E' 2 where 
B n (l - s) \ £ n (l/2) and E' 2 = B n (l/2) \ B n (s), and 

vol fcG (£(s,oc)) = vol fcBn (^)+vol fcE „ V{0} (^) 
w n _i(l - s)' 



ns n_1 



-F(l,l;n + l,l-s) 



1; n + 1, 1/2) + u; n _ x log(l/2s) 

i^± s i-» + av.ilog(V«) 
n — 1 



/i \l-n\ l-ra 



Now we have 

lim VQh(E(s,\s)) _ lim 71-1- 1 _ X l-n 

^ovol fc (£(s,oo)) «oiVl s i_ HWfi _ ilog ( 1 M 

n — 1 



-(1 - A 1 - n )s 1 



□ 

4.11. Half space. The next two propositions concern the case of 
the half space, in which case the quasihyperbolic volume coincides 
with the classical hyperbolic volume. The hyperbolic volume of 
hyperbolic simplexes in the upper half space has been considered 
in [Mi] . 

Proposition 4.12. For x E H 2 and r > we have 

volfc(5fc(x, r)) = 27r(coshr — 1). 
Proof. Let us choose x = te 2 implying that 

-Bfc(x,r) = B 2 (e 2 coshr, sinhr). 
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Now 



t cosh r+t sinhr . f 2 Smh T — (cosh T — K) 2 

vol k (B k (x,r)) = I — dh 



t cosh) — t sinhr 

27r(coshr — 1] 



□ 



Proposition 4.13. For x G H 3 and r > we have 

vol k (B k (x,r)) = 7r(sinh(2r) — 2r). 
Proof. Let us choose x = te-i implying that 

B k (x,r) = B 2 (e2 cosh r, sinhr). 

Now 

, ,„ , NX /-tcoshr+tsinhr n U 2 gfotf r _ ( cos h r _ h) 2 ) „ 

vol k (B k (x,r)) = / dh 



J t cosh r—t sinh r 

7r(sinh(2r) — 2r). 



□ 



4.14. More general domains. Our next goal is to prove growth 
estimates of the above type for larger class of domains, so called 
(^-uniform domains. To that end, we first observe that the quasi- 
hyperbolic volume of the Whitney cubes is essentially constant. 

Lemma 4.15. Let E be a closed subset of M n and let G be a 

component of M" \ E. Then for the Whitney cubes of IR n \ E 
contained in G we have 



2 -2n n -n/2 < y \^Q^ < „ 



n/2 

3 : 



Proof. Since m(Q k ) =2 kn we have by (I2.3P 

2(fc-2)r 



vol fc (Q^) > ^ 2~ kn = 2~ 2n n~ n/2 , 



>n 



cykn 

vol fe (Q*) < -j^1- kn = n 



and 



□ 

Theorem 4.16. Let G be a proper subdomain of W 1 with compact 
and Q— regular (0<Q<n) boundary. There exists a constant C < 
oo such that for each x G G and sufficiently large r > 0, we have 



vol k (B k (x,r))<Ce Qr . 
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Proof. Let E = dG. We have 

B k {x,r) C {z G G : e~ r d(x) < d(z) < e r d(x)} =: D 

and 

If 5 ■ 2~ k y/n < e~ r d(x) or 2~ k y/n > e r d(x), i.e. 

r +log(5Vn/d(^)) = r - log(Vn/c/(x)) = _ , 

log 2 ' ° r log 2 

then n L> = 0, and thus 

b.(v)cu[\ (] uft g* 

Note that iV fc < M(diam(£))2 nfc always holds for all k e N |MVj 
and therefore N k < C (diam(E) , ho) for k < ko, where ko is as in 
Lemma [3.11 Hence for all sufficiently large r, we may estimate 

[K] N k 

vo\ k (B k (x,r)) < J2 vol k(Qj) 

k=[K'} j=l 
[K] 

< n n ' 2 N " 

k=[K'\ 

< n- n/2 {k - [K'])C{diam{E), k ) 

[K] 

+n~ n/2 c2 kn m{E{2- k )) 

k=ko 

< n' n/2 {k - [K'])C{diam{E), k Q ) 

[K] 

+n- n/2 c2 kn c{2- k ) n ' Q 

k=ko 

< n- n ' 2 (k - [iT])C(diam(£), k ) 

cdn~ n/2 nKO 



r 



< Ce Q \ 

where after the first inequality we only sum over those Whitney 
cubes that are contained in G, the third and fourth inequalities 
follow from Lemmas 13.11 and 13. 3[ respectively, and the last in- 
equality holds for sufficiently large r by the definition of K and 
K' . Note that by adapting the constants, we may assume that 
Lemma E3] holds for all < r < 2~ k °. □ 

Let tp : [0, oo) — > [0, oo) be a continuous strictly increasing func- 
tion with ip(0) = 0. A domain G C 1" is said to be (^—uniform 
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jV2] if 

(4.17) k G (x, y) <<f(\x- y\/mm{d(x, dG), d(y, dG)}) 

for all x, y G G. In particular, the domain G is C— uniform if 
(p(t) = Clog(l + t) with C > 1. A domain is called uniform if 
it is a C— uniform domain for some C > 1. These domains have 
been studied by many authors, see |GOl IKLSV1 [MJ Ml E2J- 

Lemma 4.18. Let 7^ C lR n fre an (a, r ) -uniformly porous 
compact set such that G = W n \E is a ip-uniform domain and let 
x G G. Then there exists T\ = ri(x) > such that 

diam(<9G) + d(x) + r 

d{w,B k {x,r)) < —— 

aip~ L {r) 

for all w G dG and r >r%. 

Proof. Let w G dG. Since dG is uniformly (a, r )-porous, for 
each s G (0, r ] there exists y G G fl B n (w, s) with d(w) > as. By 
"0-uniformity of G, 

k , y \ <^ f \ X ~V\ \ <t p f diam(gG) + d(x) + r \ 
' ~~ \mm{d(x), d(y)} J ~ \ min{d(x), as} /' 

which implies 

4^ Bt (M-( diam(aG) + t- 3 ? + r ° )))< s . 

\ \ \ mm{d{x),as} J J J 

Substituting s = (diam(<9G) + d(x) + r ) / \aip~ l (r)) this reads 

diam(<9G) + d(x) + r 

d{w } B k (x } r)) < — — 

Oiip~ l (r) 

for r > ip ((diam(9G) + d(x) + r ) / min{d(a;), ar }) =: r\. □ 

Theorem 4.19. Let E C E n fre a closed Q— regular set with 
< Q < n such that G = W l \E is a ip— uniform domain. Then 
for each x G D there is c > and r% > such that 

vo\ k (B k (x,r))>c^-\r)) Q , 

for all r > r±. 

Proof. Let a,ro > be such that dG is (a, ro)-uniformly porous 
and set C = (diam(<9G) + d{x) + ro) / '{a^Jn). Furthermore, let K 
be the largest integer such that 

2~ K > ° . 

■?/> -1 (r) 

Then, by combining Lemma [4. 181 and (12. 5ft . we see that for m < 
K, all the m i/l -generation Whitney cubes belong to B k (x,r). To- 
gether with Corollary 13.61 and 14.151 this yields for large values of 
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r the required estimate 

vol k (B k (x,r)) > c N K > Cl 2 KQ > c(^ 1 (r)) Q , 

where c > only depends on the Q-regularity data and d(x). □ 

By combining Theorem 14.16} Theorem 14.191 and the definition 
of uniform domain we get the following corollary. 

Corollary 4.20. Let E C W 1 be a compact Q— regular set with 
< Q < n such that G = M n \ E is a uniform domain with the 
uniformity constant L > 1. Then for each x G G and sufficiently 
large r > 0, 

ce Qr/L < vo\ k {B k {x,r)) < Ce Qr , 

where C < oo only depends on the Q-regularity data and L and 
c > depends only on the Q-regularity data, L, and d(x). 

Example 4.21. Let E C W 1 be a self-similar set whose comple- 
ment is a uniform domain. For instance, E can be a Cantor set 
on a hyperplane, the ^-Cantor set in the plane, or more generally 
any self-similar set satisfying the strong separation condition (See 
e.g. jF] for the definitions). Then E is Q-regular in its dimension 
and Corollary 14.201 can be applied. 

Remark 4.22. Although we stated the Theorem 14.191 for un- 
bounded domains, essentially the same proof works for all ip- 
uniform domains G C M. n whose boundary is Q-regular and uni- 
formly porous in G. The last assumption means that that the 
porosity holes in the definition of the uniform porosity lie com- 
pletely inside G. For instance, in R 2 , dG can be the Von- Koch 
snowflake curve. More generally, the boundary could be the union 
of a finite number of such Qj-regular pieces, and in this case we 
could apply the lower bound with the exponent rmm{Qi}/L and 
the upper bound with the exponent rmaxjQi}. 

It is not known what is the best possible lower bound in Corol- 
lary It is an interesting open problem if the exponent Qr/L 
could be replaced by cr for some uniform constant c > inde- 
pendent of L. 

References 

[AS] M. Abramowitz and LA. Stegun, eds.: Handbook of math- 

ematical functions: with formulas, graphs, and mathematical ta- 
bles, Dover, New York, 1965. 

[B] A.F. Beardon: The geometry of discrete groups, Graduate 

Texts in Math. 91, Springer- Verlag, New York. 1995. 

[BHR] M. Bonk, J. Heinonen, and S. Rohde: Doubling conformal 
densities, J. Reine Angew. Math. 541 (2001), 117-141. 

[F] K. Falconer: Fractal Geometry. Mathematical foundations and 

applications, John Wiley & Sonc Inc., 2003. 



VOLUME GROWTH OF QUASIHYPERBOLIC BALLS 13 



[GO] F.W. Gehring and B.G. OSGOOD: Uniform domains and the 

quasihyperbolic metric, J. Anal. Math. 36 (1979), 50-74. 

[HIMPS] P. Hasto, Z. Ibragimov, D. Minda, S. Ponnusamy and 
S.K. SAHOO: Isometries of some hyperbolic-type path metrics, 
and the hyperbolic medial axis, In the tradition of Ahlfors-Bers, 
IV, Contemporary Math. 432 (2007), 63-74. 

[H] J. HEINONEN: Lectures on analysis on metric spaces, Universi- 

text, Springer- Verlag, New York, 2001. 

[JJKRRS] E. Jarvenpaa, M. Jarvenpaa, A. Kaenmaki, T.Rajala, S. 

ROGOVIN, AND V. SUOMALA : Packing dimension and Ahlfors 
regularity of porous sets in metric spaces, Math. Z. 266 (2010), 
83-105. 

[K] R. Klen: On hyperbolic type metrics, Ann. Acad. Sci. Fenn. 

Math. Diss. 152, 2009. 
[KLSV] R. Klen, Y. Li, S.K. Sahoo, and M. Vuorinen: On the 

stability of (p-uniform domains, arXiv:0812. 4369^4 [math.MG], 

31 pp. 

[MO] G.J. Martin and B.G. OSGOOD: The quasihyperbolic metric 
and associated estimates on the hyperbolic metric, J. Anal. Math. 
47 (1986), 37-53. 

[M] O. Martio: Definitions for uniform domains, Ann. Acad. Sci. 

Fenn. Ser. A I Math. 5 (1980), 197-205. 

[MV] O. Martio and M. Vuorinen: Whitney cubes, p-capacity, and 
Minkowski content, Exposition. Math. 5 (1987), 17-40. 

[Mat] P. MATTILA: Geometry of sets and measures in Euclidean spaces: 
Fractals and rectifiability, Cambridge Studies in Advanced Math- 
ematics, 44. Cambridge University Press, Cambridge, 1995. 

[Mi] J. MlLNOR: How to compute volume in hyperbolic space. John 

Milnor Collected Papers I, Geometry. Publish or Perish, AMS, 
1994, 189-212. 

[S] E.M. Stein: Singular integrals and differentiability properties of 

functions, Princeton University Press, 1970. 

[Val] J. VAlSALA: The free quasiworld. Freely quasiconformal and re- 

lated maps in Banach spaces, Quasiconformal geometry and dy- 
namics (Lublin, 1996), 55-118, Banach Center Publ., 48, Polish 
Acad. Sci., Warsaw, 1999. 

[Va2] J. VAlSALA : Porous sets and quasisymmetric maps, Trans. 

Amer. Math. Soc. 299 (1987), 525-533. 

[Va3] J. VAlSALA: Uniform domains, Tohoku Math. J. 40 (1988), 101- 
118. 

[VI] M. Vuorinen: Conformal geometry and quasiregular mappings, 

Lecture Notes in Math. 1319, Springer- Verlag, 1988. 

[V2] M. Vuorinen: Conformal invariants and quasiregular mappings, 

J. Anal. Math. 45 (1985), 69-115. 



(Riku Klen, Matti Vuorinen, Xiaohui Zhang) Department of Mathe- 
matics and Statistics, University of Turku, 20014 Turku, Finland 
E-mail address: riku. klen@utu. fi, vuorinen@utu.fi, xiazha@utu.fi 



14 



R. KLEN, V. SUOMALA, M. VUORINEN, AND X. ZHANG 



(Ville Suomala) DEPARTMENT OF MATHEMATICAL SCIENCES, P.O BOX 

3000, FI-90014 University of Oulu, Finland 
E-mail address: ville. suomala® oulu. fi 



